We consider the ~ATISFIABILITY problem (~-SAT): Given a family F of n clauses cl, ._, , c, in conjunctive normal form, each consisting of k literals corresponding to k different variables of a set of r 2 k 2 1 boolean variables, is F satisfiable? By k-SAT@ no) we denote the k-SAT problem restricted to families with n > n,(r) clauses. We prove that for each k > 3 and each integer I > 4 such that r > Ik2, the k-SAT(>(;) (2'-l-4/1)) problem is NP-complete.
Introduction
Let V={01,v2,... ,u*} be a set of boolean variables. A truth assignment for V is a function t: V+{TRUE, FALSE}. If t(u)=TRUE we say that u is 'true' under t; if t(u)= FALSE we say that u is 'false'. If u is a variable in V, then u and V are literals over V. The positive literal u is true under t if and only if the variable u is true under t; the negative literal V is true if and only if the variable u is false.
A k-clause over V is a set of k literals corresponding to k different variables over V. It represents the disjunction of those literals and is satisfied by a truth assignment if and only if at least one of its members is true under that assignment. A family F of k-clauses over V is satisfiable if and only if there exists some truth assignment for V that simultaneously satisfies all the clauses in F. Such a truth assignment is called a satisfying truth assignment for F. The k-SATISFIABILITY problem (k-SAT) is specified as follows. Note that (ii) remains valid if each variable is supposed to occur in exactly s k-clauses. This theorem extends a result of Tovey [S] , who proved that f(3) = 3. The bounds in [2] 
~2~~ ' -2k-4 -1 for every k 24. Hence, Theorem 1.1 may be considered as a result for sparse families.
In the following we restrict ourselves to those instances of families having n > n,,(r) k-clauses over V, where no = no(r) is an integer depending on r with 0 <no ~(92~. We then define the k-SATISFIABILITY problem for families with II> no k-clauses as follows.
The ~-SAT+ no) problem
Instance: A set V of r >, k 3 1 variables and a family F of n > no k-clauses over I/. Question: Is there a satisfying truth assignment for F?
Clearly, k-SAT+ n,,) is solvable in polynomial time for k = 1 and k = 2 since this is the case for k-SAT.
Our work was motivated by the following results. Furthermore, each instance of Theorems 1.2 and 1.3 can be decided in polynomial time and a satisfying truth assignment can be determined in polynomial time provided there exists one (in the case of Theorem 1.3).
Our main result, which will be proved in the next section, is the following. Note that the number of k-clauses of any family does not exceed (;)2k. Hence Theorem 1.4 may be considered as a result for dense families.
Proof of Theorem 1.4
We shall show that k-SAT can be transformed to k-SAT@ (2) (2k -1-4/l)) for each ka 3 and each 124 such that r' > lk2. Let F be a family of n k-clauses over a set V={u1,u2,..., u,} of r variables. We now extend F to a family F' of k-clauses over a set v'= V{v,+1,4+2, ... , urkl > of r' = rkl variables as follows. For each i with 1~ i < k we add all possible k-clauses over I/' having exactly i literals over W={U~+~,U,+~,..., t&}, not all being negative. Thus, putting m = kl-1, we add
is decreasing with increasing i. Furthermore,
Thus, t(l)<t(2)<... < t(k) and we obtain since Now let (r'm~")($)">(r~) and (?)"a?.
.
For 1=4 the complptation of g(4) also shows that g(4) < 2 = 1+4/l for all k 3 3. Therefore it'>(r(mk+l)) (2k - >. Since F is a subfamily of F', all clauses of F are satisfied. Any clause of F'-F contains literals of W for some 1 < i < k. By the construction, at least one of these i literals is positive and has therefore value TRUE. Thus, all clauses of F'-F are also satisfied and we have a truth assignment for the family F' of k-SAT0 no). Finally, we show that our transformation can be computed in polynomial time. For each k 2 3 and each 12 4 we have 11' < ('i')2k = 0 (rk) k-clauses. The number of symbols required to describe an individual literal need only add an additional log Y factor and thus our transformation is bounded by a polynomial function of r. This completes the proof. 0
